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Locked-to-running transition in the two-dimensional underdamped driven
Frenkel-Kontorova model
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We study the nonlinear dc response of a two-dimensional underdamped system of interacting atoms subject
to an isotropic periodic external potential with triangular symmetry. We consider various values of the effec-
tive elastic constant of the system, two different atomic interaction potentials, and different concentrations of
atoms. In the case of a closely packed layer, when its structure is commensurate with the substrate, there is a
locked-to-running transition as a function of the driving force, whose mechanism depends on the effective
elastic constant. For a low elastic constant, where the layer is weakly coupled, the transition is achieved via the
creation of an avalanche of moving particles that leaves a depleted region in its wake. On increasing the
effective elastic constant the depleted region becomes less marked and there is a crossover to a scenario in
which an island of moving particles nucleates the transition. In the case of a partially filled atomic layer,
several dynamical phase transitions between states with different atomic mobility are observed. The mobility of
atoms as a function of the external force can vary nonmonotonically with increasing force. For the case of a
small external damping, the system can be trapped at a large force in an immobile metastable state, thus
demonstrating a ‘‘fuse-safety device’’ on an atomic scale.
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I. INTRODUCTION

The nonequilibrium dynamics of simple systems of int
acting particles subject to an external periodic potent
damping, a thermal bath, and a driving force is a rich a
interesting problem. As well as proving of theoretical inte
est, due to the array of unanswered questions, it has m
important applications in fields such as dislocation the
@1#, plastic flow of a solid@2#, tribology @3#, Josephson trans
mission lines, mass transport, and conductivity~e.g., see@4#
and references therein!.

The pioneering work on this subject, the case of one
mension and noninteracting atoms, was summarized in
monograph of Risken@5#. For a small applied forceF, the
total potential felt by a Brownian particle possesses an a
of local minima. Hence, at zero temperature the mobility
the particles, defined asB5^v&/F ~wherev is the drift ve-
locity of the atoms!, vanishes and for low temperatures t
mobility will be exponentially small. This is called th
lockedstate. At some critical forceFc , the minima in the
total potential vanish and the particle will slide over the c
rugated total potential with a maximum mobility ofB
5(mh)21, wherem is the mass of the Brownian particle an
h is the viscous damping coefficient. This is known as
runningor sliding state. In the underdamped case the sys
may possess a running solution even before the minim
the total potential vanish because the momentum of the
ticle can help it overcome the existing barriers.

The overdamped case of interacting atoms, the ov
damped commensurate Frenkel-Kontorova~FK! model @6#,
is also well understood, thanks to work reducing the probl
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to a time-independent Schmoluchowsky equation@7#. As in
the single particle case, hysteresis is present in the resp
of the system, but only at zero temperature.

A recent study of the one-dimensional~1D!, under-
dampedFK model @8,9# has shown hysteresis in the locke
to running transition even atnonzerotemperature. The hys
teresis was shown to result from a distinct difference in
mechanisms of the forward~locked-to-running! and back-
ward ~running-to-locked! transitions. The forward transition
seen on adiabatic increase of the driving force, is initiated
the instability of a fast moving kink~the topologically stable
quasiparticle describing local compression of the o
dimensional chain! leading to an avalanche of kink-antikin
pair production @8,10#. The kink becomes unstable upo
reaching some critical velocityvc which may be higher than
the sound speed in the case of anharmonically interac
atoms@8#. The collision of the newly created kink and ant
kink initiates the growth of a domain of running atom
which is characterized by a cosine density profile and
pands with the sound speed@10#. This scenario is quite dis
tinct from the reverse transition for adiabatically decreas
force, where intermediate steady states were observed to
ist between the running and locked states@8#.

One can define the coverageu of such a FK system as th
ratio of the number of atoms to the number of minima in t
substrate potential. For commensurate coveragesu51/m,
with m integer, it is first necessary to nucleate a kin
antikink pair via a thermal fluctuation. Then the instability
such topological kinks at high speeds will initiate the tran
tion to the running state. WhenuÞ1/m, residual~‘‘geometri-
cal’’ ! kinks are already present in the undriven system a
they become mobile before the transition to the running s
@11,12#. In this case the transition has a multistep charac
Additionally, if the interatomic interaction is anharmonic, th
system passes through the nonuniform ‘‘traffic jam’’ stea
state@9#.
©2001 The American Physical Society29-1
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The two-dimensional~2D! Frenkel-Kontorova model is
obviously much more complicated than the 1D one. First,
2D models we have no simple guide as we had in the 1D
model, namely, the exactly integrable sine-Gordon equat
Practically all variants of the 2D model are not integrab
even in the continuum limit. Second, even the ground s
~g.s.! of the 2D model is often quite complicated. Dependi
on the substrate symmetry, interparticle potential, concen
tion, and temperature, the g.s. may be either crystal
~commensurate with the substrate!, floating ~incommensu-
rate!, liquid, or even totally chaotic as will be mentione
below in Sec. III. The g.s. problem was widely studied in t
context of surface physics~e.g., see@13# and references
therein!. Third, the topological excitations of the 2D system
which, analogously to kinks in the 1D FK model, are respo
sible for the mobility, may be of different kinds; e.g., the
may correspond to spatially localized excitations cal
‘‘crowdions’’ ~extra atoms inserted into the layer for the sim
plest u51 structure! or to linear objects known as doma
walls ~DW’s; sometimes the terms dislocation, discomme
suration lines, or plane solitons are used!. Moreover, the
DW’s themselves may be of different types, e.g., partial
total dislocations, edge or screw, etc.

The dynamics of the 2D FK model was studied mainly
the context of dislocation theory@1#, when dislocation lines
or a dislocation grid already preexist in the system. In
framework of thescalar 2D FK model, where the atoms ar
allowed to move in one dimension only, the DW motion
essentially the same as in the 1D FK model@14,15#. Only at
high driving forces does the DW become unstable aga
spontaneous roughening, and the nucleation of additio
wall-antiwall pairs behind the primary wall occurs. For
more realisticvector2D FK model, where atoms can mov
in both x and y dimensions, there are only a few studi
devoted to its dynamics. Notably, a 2D FK model with ha
monic interactions between the atoms~the so-called ‘‘spring
and ball’’ model! was studied in@16#. Here the emphasis wa
on dislocation generation and motion and the locked
running transition was not studied. Besides, in this mod
only the interaction of nearest neighboring atoms was
cluded. Thus the layer must keep its ordered state, and
model can be used for small mutual atomic displaceme
only.

A truly 2D FK model with the atoms able to move in a
three dimensions, the atoms being subjected to the 3D e
nal potential periodic in two dimensions and parabolic in
third dimension, was studied in@11,17# for an anisotropic
rectangular substrate symmetry. The anisotropy of the
tem was established by the periodic part of the external
tential, which was chosen as a set of ‘‘channels’’ with co
rugated bottoms, oriented parallel to the direction of
applied force. In@17# the authors concentrated on studyi
the mobility of the system as a function of the atomic co
centrationu, while in @11# the locked-to-running transition
was considered. In the anisotropic 2D system the interac
between neighboring FK channels was found to lead only
minor changes of the behavior compared with the 1D s
tem. Namely, when one of the channels passes to the run
state, it carries the nearest neighboring channels into mo
03612
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so the straight river of running atoms grows until it occup
the whole system.

By contrast, investigations of theisotropic 2D under-
dampedvectorFK system are very limited. In the context o
tribology, Persson@18# studied a partially filled (u<0.5)
layer adsorbed on a substrate with square symmetry,
observed a hysteretic dynamical phase transition, simila
theT50 one-particle case. However, there are still a num
of open questions, in particular:~i! How does the transition
begin for the commensurateu51 system; does it start with
the creation of a DW–anti-DW pair~dislocation loop! or
with the emergence of a running island?~ii ! How does the
transition proceed after the nucleation event?~iii ! How does
the mechanism of the transition depend on the atomic c
centration and on the layer structure?~iv! If a DW already
preexists in the system, is its motion stable, and up to w
velocity? ~v! Does a spatially nonuniform ‘‘traffic jam’’
steady state appear during the transition?

The current study extends our understanding of
locked-to-running transition to the underdamped tw
dimensional isotropic system. Here we shall consider a tw
dimensional layer of particles with position vectorsu
5(ux ,uy), subject to a periodic substrate potential. We u
periodic boundary conditions in both spatial directionsx and
y. Although we do not intend either to develop a gene
theory of the locked-to-running transition in 2D systems
to consider some specific experimentally studied system,
have tried to choose a generic model which could exemp
and clarify the mechanism of the transition in the isotrop
system. Namely, any two-dimensional periodic substrate
tential can be constructed as a combination of four functi
s1,2(x,y)5sin(k1,2•r ) andc1,2(x,y)5cos(k1,2•r ), wherek1,2
are the corresponding reciprocal vectors. In the present w
we chose the triangular lattice as typical of isotropic 2D s
tems, so the reciprocal vectors arek15(2p/a,2p/ay) and
k25(0,2p/ay), whereay5aA3/2. Similarly to the 1D FK
model, where one takesVsub(x)5 1

2 «@12cos(2px/a)#, we
will use the simplest symmetric combinationVsub(x,y)
5 1

4 «$32cos(k1•r )2cos(k2•r )2cos@(k11k2)•r #% or

Vsub~x,y!5
1

2
«H 12cosS 2px

a D cosS py

ay
D

1
1

2 F12cosS 2py

ay
D G J . ~1!

The function ~1! gives isotropic minima organized into
triangular lattice and separated by isotropic energy barr
of height «, as shown in Fig. 1. The frequency of atom
vibration near the minima is also isotropic,vx5vy5v0
[(«/2m)1/2(2p/a). The function ~1! has flat maxima of
height« ~i.e., the same as the barriers! organized into a hon-
eycomb lattice. Generally, introducing additional paramet
one may construct a more complicated substrate poten
e.g., one with nonflat maxima. However, because the pre
shape of the electronic density is not known for most s
faces, we prefer to use the simplest function~1!. Similar
9-2
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LOCKED-TO-RUNNING TRANSITION IN THE TWO- . . . PHYSICAL REVIEW E 63 036129
forms of the substrate potential have been typically used
studies of atomic layers adsorbed on isotropic triangular
hexagonal substrates@13,19#.

The atoms interact via a pairwise potentialV(r ), wherer
is the interatomic separation. We have considered the c
of an exponential repulsion

V~r !5V0 exp~2gr !, ~2!

with the choiceg5a21, and the Lennard-Jones~LJ! inter-
action

V~r !5V0F S a

r D 12

22S a

r D 6G . ~3!

Notice that these two interactions are very different. T
exponential case is purely repulsive with no minimum in t
potential. This situation corresponds, in particular, to ato
chemically adsorbed on a metal surface, when, due to br
ing of the translational symmetry in the direction normal
the surface, the atoms have a nonzero dipole moment w
leads to their mutual repulsion@20#. For the LJ interaction
there is both attraction and repulsion, with a minimum in t
potential at the atomic separationr 5a. When the atoms are
closely packed and experience only the repulsive branc
the interaction as, for example, in the case of a lubricant fi
confined between two substrates, both potentials are qua
tively the same. But when the layer has expanded regi
where the interatomic separation exceeds the equilibr
distancer 5a, the LJ potential may lead to first-order pha
transitions. To avoid this complication, in most of our sim
lations we use simple exponential repulsion.

To characterize the system it is helpful to define the
fective elastic constantgeff5a2V9(r 0)/2p2«, where r 0 is
the mean interatomic distance@4,21#. This single number
gives an indication of the strength of the elastic constan
the layer of atoms relative to the strength of the subst
potential. A value ofgeff much smaller than 1 indicates
relatively weakly coupled layer, whereas a value much lar
than 1 describes a stiff atomic layer compared with the s
strate depth. Both large and smallgeff correspond to physi-
cally relevant systems. For a monolayer adsorbed on a

FIG. 1. The substrate potential with triangular symmetry,Vsub,
plotted for «52. The coordinates are scaled so thatX5x/a and
Y5y/a.
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face, one is typically in the limit of lowgeff @20#. A lubricant
layer between two blocks of material corresponds to the li
of large geff . The fact that one has a block of material a
not simply a free monolayer means that the layer imme
ately above the interface has a much larger effective ela
constant. Although the disturbances are limited to the la
of the block at the sliding interface, the other layers abo
help maintain the separation between the first layer and
lower block, reducing the effective substrate potential dep
Also, the other layers tend to lock the structure of the fi
layer, making it more rigid than a single monolayer.

We use a dimensionless system of units, where the ato
mass ism51, the periodicity of the substrate potential isa
52p, and its height is«52, so that the characteristic fre
quency isv051. It will also be helpful to define a time scal
for the problem in terms of the oscillation period of a partic
in the substrate potential,ts52p. One can also define a tim
scale in terms of the oscillation period of the particles in t
layer, t05ts /Ageff.

The equations of motion for the displacement vectors
the N atomsui(1< i<N) are given by

v̈ i1h v̇ i1
d

dv i
F (

j ( j Þ i )
V~ uui2uj u!1Usub~ui !G5Fv1F rand

v ,

~4!

wherev5ux or uy , Fv5Fx or Fy is the externally applied
force, andF rand

v is the random force required to equilibra
the system to a given temperatureT. We chose the driving
force to act only in thex direction, i.e.,Fx5F, Fy50. We
typically used h;0.1, which is well underdamped, an
choseT such that it was small compared to« and the layer
stiffness V9(r 0) in order to obtain clearer pictures. The
below the transition the mobility of the system is very sma

The numerical procedure for solving the equations w
the same as used in previous reports@8,11#. First the atoms
were thermalized at zero force; then the force was slo
~adiabatically! increased, allowing a time of severalts ~or
t0, if t0.ts) to equilibrate at each new value of the forc
In this way the force was increased until one had mov
through the transition. At each new value of the force t
equilibrated configuration of positions and velocities w
stored, allowing one to restart the simulation with a fin
force step. Once the transition had been located for the
tem size and temperature the trajectories of the particles w
examined carefully to allow the identification of the scena
for the transition.

The paper is organized as follows. First, in Sec. II w
study the locked-to-running transition in the perfectly co
mensurateu51 case, where the layer structure coincid
with the substrate one. We show that the transition beg
not with creation of a linear object such as a DW or dis
cation loop, but with creation of alocalizeddisturbed region,
either a domain of running atoms for a stiff layer or
‘‘melted’’ island for a weakly bound layer. These domain
grow and finally overlap. In relatively small systems th
leads to ariver of running atoms. The width of the river the
grows linearly with time until the whole system passes to
running state. For larger systems, the domains have long
9-3



e
a

es
ed
n
o
pe

m
s
th

w

or

la

p

th
a
a-
b

os
t
r
g

o
Th
of
en
-

t
ns
tu

lle
cu
e
le

io

o
b

po-
an

ase

tem

ve.
ell

ith
For
tion
ing

a-
a

-

is
ct
c-

ots
wn

he
lly
ms

ccel-
ind
he
ge
ns
ms

ing

ed
a
ero
ity
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develop before the periodic boundary conditions cause th
to join up on themselves, and so the resulting structures
more complex. In Sec. III we present the results of an inv
tigation of a specific but interesting case of the half-fill
layer,u51/2, when the system demonstrates new additio
regimes such as a ‘‘fuse safety’’ scenario and a ‘‘mirr
switching’’ steady state. Finally, Sec. IV concludes the pa
with discussion of the results.

II. CLOSELY PACKED LAYER

First we consider the case of a closely packed ato
layer,u51, when in the ground state the atomic layer ha
triangular structure commensurate with the substrate. In
simulations we mostly studied a system ofN5NxNy564
36454096 atoms. To study system size dependence
looked at systems of up toN51123112 atoms, as well as
systems with different aspect ratios.

Below, we analyze the locked-to-running transition f
several values of geff for the two choices of the
interatomic potential. The spectrum of the ideal triangu
lattice is described by the functionsvx

2(k)5vg
2[3

22 cos(akx)2cos(akx/2)cos(ayky)] and vy
2(k)53 vg

2@1
2cos(akx/2)cos(ayky)#, wherevg5Ageff anday5aA3/2, so
for the transverse wave propagating in thex direction ~i.e.,
ky50) the group velocity is vT5 limkx→0 dvy(k)/dkx

5A3avg/2A2, while for the longitudinal wave the grou
velocity is vL5 limkx→0 dvx(k)/dkx5A3vT .

Because in the g.s. all atoms lie in substrate minima,
layer is strongly pinned. To initiate the motion, a topologic
defect~either a localized defect like crowdion or a disloc
tion loop! has to emerge first. The size of this defect must
of orderd;aAgeff, so one could expect different scenari
for small and large values ofgeff . Indeed, we found tha
around some threshold value ofgeff5g1 there is a crossove
from one characteristic scenario to another in the early sta
of the transition.

A. Stiff layer

In the regimegeff@g1 the transition from the locked to
running state is mediated by the formation of an island
moving atoms in a sea of essentially stationary particles.
size of the moving island grows quickly in the direction
the driving force and somewhat more slowly in the perp
dicular direction.Inside the island the atoms largely main
tain their triangular structuredue to the stiffness of the
atomic layer. Hence one sees areas of essentially perfec
angular lattice surrounded by a loop of partial dislocatio
Due to the periodic boundary conditions, the island even
ally joins up on itself. There is then a strip, oriented para
to the driving force and bounded in the direction perpendi
lar to the driving force, in which particles move along th
periodically continued system. Outside this strip the partic
are immobile. We shall denote such a state as ariver. The
river then broadens perpendicular to the driving direct
until all atoms are moving.

The evolution of this scenario is shown in a series
snapshots in Fig. 2. The same scenario was observed for
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interactions. However, the value ofg1 above which the de-
scribed scenario is observed is different for the LJ and ex
nential interactions. The LJ layer behaves more rigidly th
the exponential case for the same value ofgeff . We found
that 0.1,g1,1 for the LJ case andg1'1 for the exponen-
tial case.

The size of the island nucleated was found to incre
with increasinggeff . As one increasesgeff further the char-
acteristic nucleation island size increases towards the sys
size. For a very stiff layer of particles,geff.g2, the transition
occurs via the whole system of atoms beginning to mo
The value ofg2 naturally depends on the system size as w
as on the details ofVsub(x,y) and V(r ). In particular,g2
increases withN, so that one can mediate the transition w
larger and larger islands by increasing the system size.
the same system size and temperature, the LJ interac
again proved stiffer than the exponential interaction, hav
a smaller value ofg2.

B. Weakly bound layer

For a weak interatomic interactiongeff!g1, we found that
the locked-to-running transition was mediated by the form
tion of an avalanche of moving particles leaving behind
depleted, low-density region.The atoms in the disturbed re
gion do not show a regular structure, so we may speculate
that the beginning of the locked-to-running transition
caused by the nucleation of a ‘‘melted’’ island. The exa
scenario was slightly different for the two different intera
tion potentials.

First let us consider the exponential interaction. Snapsh
of the system at three times during the transition are sho
in Fig. 3 for the case ofgeff50.1. A thermal fluctuation starts
a small number of particles moving in the direction of t
driving force. This fluctuation persists long enough to loca
destroy the triangular ordering of atoms and allows the ato
to escape the substrate minima. The moving atoms are a
erated by the driving force, leaving a depleted region beh
them. The size of the disturbed region quickly grows in t
direction of the driving force as the moving atoms impin
on stationary particles in front of them. Thermal fluctuatio
and the unbalanced repulsive interaction left by the ato

FIG. 2. Snapshots of the mechanism of the locked-to-runn
transition for the LJ interaction withgeff50.9, h50.141, T
50.05, andF50.9933. The positions of the particles are indicat
by circles. Thex component of the particle velocity is shown in
grey scale by the color of the circle: black corresponding to z
velocity and the lightest grey to velocities over a certain veloc
cutoff. Snapshots~b! and ~c! are taken 0.27ts and 0.54ts after
snapshot~a!.
9-4
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that have moved off their lattice sites cause stationary at
adjacent to the depleted region to be easily set into motion
dense region of atoms is created at the leading edge o
disturbance as the mobile particles are able to move fa
than the leading edge can propagate. Mobile particles
therefore slowed down as they approach the leading e
producing a dense region of slower particles, in much
same way as traffic slows down on approaching a hindra
on a road. We shall call this kind of situation atraffic-jam
effect. The bulge at the leading edge of the disturba
grows both parallel and perpendicular to the driving for
until the domain of moving atoms joins up on itself due
the periodic boundary conditions. The formation of the bu
is clearly visible in the two later snapshots of Fig. 3~notice
that in this particular simulation a second nucleation ev
also takes place!.

The scenario observed for the LJ interaction is sligh
different. Snapshots for the LJ interaction withgeff50.023
are shown in Fig. 4. Again, a thermal fluctuation allows
small number of particles to start to move in thex direction.
For the case shown in Fig. 4 this was four to five neighbor
particles in the samey5const plane. The disturbed regio
quickly expands in the direction of the driving as in the ca
of the exponential interaction and again a depleted regio
formed. In the LJ case the atoms in the wake of the distur
region are set into motion by the attractive interaction
tween the particles at separations in excess ofr 5a. The

FIG. 3. Snapshots of the locked-to-running transition for
exponential interaction withgeff50.1, h50.1, T50.01, andF
50.94. The positions of the particles are indicated by circles. Thx
component of the particle velocity is shown in a grey scale as
Fig. 2. Snapshots~b! and ~c! are taken 6.3ts and 12.3ts after
snapshot~a!.

FIG. 4. Snapshots of the mechanism of the locked-to-runn
transition for the LJ interaction withgeff50.023, h50.2, T
50.0025, andF50.9901. The positions of the particles are ind
cated by circles. Thex component of the particle velocity is show
in a grey scale as in Fig. 2. Snapshots~b! and~c! are taken 0.45ts

and 1.1ts after snapshot~a!.
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effect of the moving particles creating a traffic-jam-lik
denser region is different for the LJ interaction than for t
exponential interaction. In the latter case a very dense reg
formed and produced a bulging out of the disturbed regi
As can be seen in Fig. 4, for the LJ interaction the increa
density causes the disturbed region to grow not only in
direction of the driving force, but also preferentially alon
the other two slip planes of the triangular lattice. The dens
at the leading edge of the disturbed region does not bec
as large as for the exponential interaction, and instead
bulging out the disturbed region develops ‘‘barbs’’ at ang
6p/3 relative to the driving direction. At later times th
disturbed region joins up with itself due to the period
boundaries.

C. One extra atom

For the commensurate case described above, the
event in the forward transition is the creation of the disturb
region due to thermal fluctuations. The rate of this proces
controlled by the Boltzmann factor exp(2«act/T), where the
activation energy is determined by the driving force, for e
ample,«act}(12F)1/2 in the geff!1 case. In the simulation
we used low temperatures to reduce ‘‘noise’’ in the sna
shots and, thus, we had to use forces very close to the m
mum value,F51. In order to check whether the scenario
different for lower forces, we also made simulations with o
extra atom inserted into the commensurate structure. In
1D FK model such a situation corresponds to one ‘‘geome
cal’’ kink which easily moves through the lattice. In the is
tropic 2D model studied in the present work, the configu
tion with one inserted atom surrounded by the ‘‘distorti
cloud’’ ~due to shifting of neighboring atoms around the i
serted one! produces a localized configuration called
‘‘crowdion.’’ Similarly to the 1D model, the crowdion
moves much more easily than atoms of the background c
mensurate structure. At smallF the crowdion performs di-
rected random walks in thex direction, but sometimes it may
also jump to the nearest neighboringx channel and push the
atoms from their ideal positions. With increasing force,
some moment an additional crowdion-anticrowdion pair
created, and subsequently the avalanche starts to grow.
subsequent scenario was found to be the same as desc
above for the fully commensurate case and is shown in
snapshots of Fig. 5 forgeff50.3. The critical forceFc when

n

g

FIG. 5. Snapshots for the exponential interaction with one
serted atom forgeff50.3, h50.1, T50, andF50.55. The posi-
tions of the particles are indicated by circles. Thex component of
the particle velocity is shown in a grey scale as in Fig. 2. Snaps
~b! and ~c! are taken 3.6ts and 14.4ts after snapshot~a!.
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the avalanche begins, however, is now much lower than
the fully commensurate case. For example, for the expon
tial interaction withgeff50.3 we foundFc'0.55 atT50.

Also, we checked the scenario of the locked-to-runn
transition for a high enough temperature,T51/3, chosen so
that the background structure is still commensurate, but
crowdion and also other atoms can move at small driv
forcesF,0.3. We found that the only qualitative differenc
from the T50 case is that now the transition begins a
smaller force,Fc'0.35.

D. Later times

In all cases, the disturbed region eventually joins up
itself, due to the periodic boundary conditions. For relativ
small square systems (N<64364) the moving domain did
not have much opportunity to grow perpendicular to the dr
ing force before joining with itself and so ariver of moving
particles was formed. The width of the river was found
grow approximately linearly with time, at a rate that d
creased with increasing damping or temperature, until
whole system was in the running state. This scenario is q
general, because even in an infinite system, neighboring
turbed regions arising from thermal fluctuations will overl
with each other when they reach some critical size, as u
in percolation problems.

A typical snapshot of the atomic configuration during t
river growth atT50 is shown in Fig. 5~c! for the forceFc
50.55, where we used the initial configuration with o
crowdion. In the middle of river the atoms move with almo
the maximum velocityFc /h and keep the ordered triangula
structure. However, the boundary between the running
locked regions of the layer, which takes about ten atom
channels, is totally disordered. The rate of river growth,
seen from Fig. 6, may be approximated by a linear l
B(t)5b(t2t0) with b50.0095. From these data we ca
find the velocity of the river front asvR5Ny ay b/2. This
givesvR'1.65, which is approximately equal tovL/2.

For larger square systems we see that the moving dom
in fact grows considerably both perpendicular and paralle

FIG. 6. The dependence of the mobility,B, on time for the
locked-to-running transition for the initial configuration with on
inserted atom in a 64364 size system forgeff50.3, h50.1, T
50, andF50.55.
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the driving force. This can be seen in the snapshots of Fig
At T50 the leading, approximately semicircular, edge of t
moving domain was found to both grow in diameter at a r
v and to propagate at speedc. Bothv andc were found to be
approximately equal to the longitudinal group speedvL of
the layer. As the moving domain then gains area by tran
tional motion and growth we expect that the mobility shou
increase ast2. The data for the 1123112 system are shown
in Fig. 8 along with the quadratic fitted at early times.

E. Backward transition

It has been observed for the 1D system@8# that spatially
inhomogeneous stable states may exist when one decre
the driving force adiabatically from the running state. O
might expect to find analogous stable states in the 2D sys
on the backward transition between running and lock
states.

We have performed simulations of the running-to-lock
transition ~force decreasing! for the LJ interaction for the
fully commensurate case and for three different values
geff .

~i! geff510. For the very stiff layer we show in Fig. 9
plot of the mobility of the layer as a function of decreasi
driving force. It is clear that stable states, with nonzero m
bility, do exist between the running state~which exists for

FIG. 7. Snapshots of the later stages of the locked-to-runn
transition for the 1123112 system, with the exponential interactio
(geff50.3, T50).

FIG. 8. The crosses show the mobility as a function of time
the locked-to-running transition for the 1123112 system, with the
exponential interaction (geff50.3, T50). The quadratic form fit-
ted to the early time data is shown as the solid line.
9-6
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F.0.15) and the locked state~which exists forF,0.06).
For the system size studied (N564364) we observed three
large steps in the mobility curve, which correspond to s
tially inhomogeneous states. These states are characte
on each step by the number of horizontal stripes of m
mobile atoms present. The lowest mobility step was co
posed of states with one~or possibly a double! stripe of very
mobile atoms, the middle step consisted of states with
~or two double! stripes, and the upper step corresponded
states with three~or three double! stripes.

On decreasing the force just below the stability of t
running state (F50.15), we first observed a state inhomog
neous in both spatial directions. Six small regions were
served where the velocity of the particles parallel to the d
ing force was clearly larger than average. We shall call e
of these regions ablob and the state withn such regions an
n-blob state. The observed six-blob state is shown in F
10~a!. Although reasonably long-lived (;100ts) this six-
blob state became unstable to a diagonal striped state, w
the stripes of mobile atoms had a slope of 1/3. These st
only appeared in a small range ofF before the step with three
horizontal stripes developed. Moving along the mobil

FIG. 9. Mobility as a function of decreasing driving force fo
the fully commensurate case, with LJ interaction,geff510. Interme-
diate stable states are clear between the running statehB51 and
the locked statehB50.

FIG. 10. Snapshots of~a! the six-blob state,~b! the three-
diagonal-stripe state, and~c! the three-horizontal-stripe state for th
LJ interaction (geff510) with fully commensurate coverage. Th
particles are color coded according to thex component of their
velocity @black ~slow! to light grey~fast!#. The blob state, although
long lived, seems unstable to the diagonal-striped state.
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step, the width of the moving stripes of particles genera
broadened. Examples of these three kinds of spatially in
mogeneous states observed are shown in Fig. 10. On
tinuing to decrease the driving force the mobility dropp
sharply as a four-blob state was reached. Again this appe
to be unstable to a diagonal striped state, this time wit
slope of 1/2. Then the middle step with states of two ho
zontal stripes was observed. Finally we noted a two-b
state, followed by a diagonal stripe with unit slope, and th
a single horizontal stripe of more mobile atoms.

We expect that it may be possible to predict the locatio
of the steps in the mobility curve by developing a line
stability analysis about the running state, as can be done
the 1D system, using the approach of Ref.@22#. However,
the analysis is severely complicated by the complexity of
2D phonon spectrum and the nonorthogonal lattice vector
the triangular lattice. As with the 1D system, one expe
that increasing the system size would increase the numbe
steps present on the mobility curve. It would seem, from
emergence of the blob states, that the linear stability anal
selects a particular unstable wavelength of the 2D syst
The nonlinearity appears to force the system to saturate
a stable striped state, rather than maintaining a state peri
in both x andy directions.

~ii ! geff51. For this value of effective elastic constant n
stable intermediate states were observed. However,
could observe the transient behavior between running
locked states. At first one could observe small regions
stationary or slow moving particles in a sea of mobile on
Initially these regions appeared completely randomly po
tioned; however, they soon began to cluster until the en
system was in the locked state. Although the system stud
was fully commensurate, the final state of the simulatio
was not completely locked, due to the presence of vacan
and corresponding crowdions. These would have eventu
disappeared to leave the completely locked, low-tempera
state; however, the time scale for the mobile crowdions
diffuse perpendicular to the driving force and annihilate w
the pinned vacancies was very long. Snapshots showing
progression through the transition are shown in Fig. 11.

~iii ! geff50.023. When the layer is weakly coupled com
pared with the substrate strength, we observed that
locked-to-running transition occurred via a different sc
nario. Namely, a disordered band of particles formed para
to the driving force, which contained the slow moving pa
ticles. Apart from a few vacancies, the region outside

FIG. 11. Snapshots at various times through the running
locked transition for the LJ interaction (geff51) with fully com-
mensurate coverage. The particles are color coded according t
x component of their velocity@black ~slow! to light grey ~fast!#.
9-7



h
se
,
a

nd
ain

t
e
te

y

ti

re
d
e
-
h

th

re
u

he
h

ed
s-
-

th
t

ig

a
ha

can
the

is

the

b-
en
eds
the

., it
me

do-

e-
ure,
nd

nts.
the
t

the
g
-

-to

ng

.
are
are
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band was made up of ordered highly mobile particles. T
band broadened and the density of slow particles increa
until the disordered region spanned the whole system
which point the slow particles were mainly clustered in
band parallel to the driving direction. The width of the ba
of slow particles then grew to span the whole system. Ag
generally one observed a few vacancies and crowdions in
final state of the simulation that had not had time to ann
out of the system. The scenario of the transition is illustra
in the series of snapshots of Fig. 12.

III. HALF-FILLED LAYER

Now let us consider again the commensurate atomic la
but with the concentrationu51/2. Recall that in the 1D FK
model this case is exactly the same as theu51 one. For the
isotropic 2D model the situation, however, differs dras
cally.

In this simulation we studied the case of exponential
pulsion only, in order to avoid formation of closely packe
islands. The exponentg was chosen larger than that in th
simulations described above,g50.37, and the effective elas
tic constant was chosen to be small,geff50.15, because suc
values are more typical for adsorbed layers@20#. Besides, we
also allowed the atoms to move in the direction normal to
surface, using the 3D substrate potentialVsub

(3D)(x,y,z)
5Vsub(x,y)1 1

2 vzz
2 with vz51.67. These parameters a

the same as used in the study of the anisotropic rectang
2D FK model@11,12#, so we can compare the behavior of t
anisotropic and isotropic models. The temperature was c
sen to be very small as above,T50.0022.

A. Ground-state configuration

To find the minimum energy configuration, we start
with different typical initial configurations, allowed the sy
tem to relax atF50 andT→0, and then compared the en
ergies of the final configurations@23#. Although this tech-
nique cannot guarantee the true ground state, we believe
in combination with qualitative arguments, it can be used
find the ground state of the system.

There are two plausible atomic arrangements in the ne
boring rows for the concentrationu051/2. The first is the
p(231) structure, and the second corresponds to atoms
ranged in a zigzaglike fashion, so that the configuration
the ‘‘distorted’’ c(232) structure shown in Fig. 13~a!. In

FIG. 12. Snapshots at various times through the running
locked transition for the LJ interaction (geff50.023) with fully
commensurate coverage. The particles are color coded accordi
thex component of their velocity@black ~slow! to light gray~fast!#.
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the framework of a lattice-gas model, where the atoms
be placed only at the minima of the substrate potential,
most energetically favorable structure isp(231). However,
for the continuous model under study here the situation
inverted: for the chosen set of parameters thec(232) struc-
ture provides the absolute minimum of energy. Indeed, in
continuous model the atoms in the ‘‘zigzags’’ ofc(232)
structure are slightly shifted from the positions of the su
strate minima, thus lowering the energy of repulsion betwe
them, and the decreasing of the interaction energy exce
the increase of energy due to atomic displacements from
substrate minima. Note that this relaxedc(232) structure
may more easily be translated along the substrate; i.e
experiences a lowered effective barrier due to shifts of so
atoms.

Now let us consider possible structures of kinks and
main walls on the background of thec(232) structure. The
c(232) structure for the triangular substrate is 12-fold d
generate: there are three rotational variants of the struct
each of them has additionally two translational types, a
each translational type has also two mirror-image varia
Therefore, when the concentration slightly deviates from
background valueu051/2, there exist a number of differen
types of DW’s which link different types of thec(232)
domains. For concreteness, in the simulation we chose
c(232) domain which is symmetrical relative to the drivin
force, as shown in Fig. 13~a!, and inserted an incommensu

-

to

FIG. 13. Atomic structure at theu051/2 background coverage
Atoms are denoted with gray circles, atoms in the kink regions
denoted with black circles, and minima of the external potential
denoted with crosses.~a! c(232) structure~minimum energy con-
figuration! and p(231) structure~metastable configuration!; ~b!
two types of kinks, ‘‘light’’ kinks and ‘‘heavy’’ kinks;~c! configu-
ration with the domain walls of ‘‘light’’ kinks atu521/40.
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rability in the direction along the force. The two possib
minimal incommensurabilities are shown in Fig. 13~b!. In
the first configuration, the center of a kink in one row
placed in front of the occupied site in the nearest neighbo
row, and for the second configuration the kink center o
poses an empty site in the neighboring row. The kinks of
first kind may be named the ‘‘light’’ kinks, because, as w
explicitly checked, they have a smaller energy than the ki
of the second kind~the ‘‘heavy’’ kinks!.

For kinks constructed on the background of au0,1 struc-
ture, the kinks in the nearest neighboringx rows always at-
tract each other according toVatr(x)}uxu and, therefore, they
have to be organized into linear domain walls.@The DW
lines should be tilted with respect to they direction due to
short-range kink-kink repulsionVrep(x)}exp(2gx), which
arises from the repulsion of extra atoms contained in
kinks.# The attractionVatr(x) emerges because of an ene
getically unfavorable atomic arrangement between the ki
@17#. However, for the case of thec(232) structure, the
amplitude of attraction is lower than that for the rectangu
substrate@17#, because now the kinks are inserted not in
eachx row but into every second row, and the atomic a
rangement in the rows lying between the rows with kinks
similar to that outside the kinks@see Fig. 13~b!#. Note that
the domain wall can contain kinks of one type only~either
‘‘light’’ or ‘‘heavy’’ kinks !, providing that the commensu
rate structure between the pair of walls is the minimum
ergyc(232) structure, and not the energetically unfavora
p(231) structure. Analogously to single kinks, we will ca
such domain walls ‘‘light’’ and ‘‘heavy’’ walls.

As the initial state for the study of nonlinear mobility, w
used the configuration with ‘‘light’’ domain walls, althoug
the evolution of the configuration with ‘‘heavy’’ walls wil
be briefly commented on as well. The chosen initial config
ration is shown in Fig. 13~c!. In the simulation we usedN
5403205420 atoms, so the coverage isu521/40, and the
regions of thec(232) structure are separated by ‘‘light
DW’s with average spacing of 10a.

B. Nonlinear mobility

The dependences of the mobilityB on the adiabatically
changing forceF are shown in Fig. 14 for two values of th
friction constant,h50.15 andh50.35. One can see sever
intermediate regimes between the locked stateB50 and the
running stateB51. First, at F5Fk'0.18, the mobility
sharply increases, and with further increase of force the
bility remains approximately constant,B'0.1. Figure 15~a!
demonstrates a typical atomic configuration at this plate
One can see that the atoms perform motion only in the
gions of DW’s, while atoms in the body of thec(232)
domain are immobile. Thus, this plateau corresponds to
running state of ‘‘light’’ DW’s, and the thresholdFk is to be
interpreted as the Peierls-Nabarro force, at which the ba
for translation of DW’s is eliminated. Interestingly,the run-
ning domain walls are stableand, moreover, the initially
tilted DW’s line up perpendicular to the applied force duri
the motion.
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With increasing applied force, the velocity of runnin
DW’s increases, but the subsequent scenario depends o
value of the friction coefficient. For a low friction constan
h50.15, at a certain critical forceF5Fd'0.26 the domain
walls become unstable. This results in disordering of
whole system, which loses thec(232) structure@as seen in
the snapshot of Fig. 15~b!# and becomes a disordered sta
Because a concerted atomic motion~running DW’s! is no
longer possible in this disordered state, the system co
back to thelocked state withB50. Note that this locked
state ismetastable—it has a higher energy than the initia
ordered configuration. One may recall in this connection
‘‘frustration’’ problem for a triangular lattice-gas~or Ising!
model at the coverageu051/2 ~e.g., see@24# and references
therein!. Namely, if the repulsion of atoms in the lattice-g
model is restricted to nearest neighbors only, the grou
state atu051/2 is infinitely degenerate and therefore diso
dered. In the continuous model, as well as for a larger ra
of the interatomic interaction, an ordered ground state d
exist @the c(232) structure in our case#, but it may be sur-
rounded by metastable-disordered states with only slig
higher energies. Thus, with increasing force, when the s
tem energy increases due to kinetic energy of running DW
the system may be trapped in such a metastable stat
nonzero mobility in the system appears again atF.Fm

FIG. 14. The mobilityB versus the external forceF for u
521/40 at~a! the low friction h50.15 and~b! the high frictionh
50.35.
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'0.32, and atF5F f'0.4 the system evolves to the total
running state withB51.

On the other hand, for a higher frictionh50.35, the drift
velocity of domain walls is much lower than for the lowh
case, and the ordered running-DW steady state survives
the second critical forceF5Fm'0.4, so that the intermedi
ate locked state withB50 does not appear. Now there a
two intermediate plateaus in theB(F) dependence, one a
Fk,F,Fm with the mobility B'0.2 corresponding to DW
motion and the second plateau in the interval of forcesFm
,F,F f ~where F f'0.75) with mobility B'0.5. The
atomic motion at the second intermediate stage is illustra
in Fig. 15~c!. Here the atoms move not only in the regions
domain walls, but in the body of thec(232) structure. At an
instant of time, onlyhalf of the atoms in a singlec(232)
domain can move, namely, the atoms situated in the cente
the c(232) unit cell. For instance, all atoms belonging

FIG. 15. Atomic patterns at the intermediate stages ofB(F)
dependences plotted in Fig. 14:~a! regime of running DW’s,~b!
locked disordered state, and~c! ‘‘mirror switching’’ regime. Immo-
bile atoms are denoted with gray circles; running atoms and at
in the kink regions are denoted with black circles; arrows indic
the direction of atomic motion.
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even rows in Fig. 15~c! can move to the neighboring empt
sites inside their cells, thus changing the symmetry of
given c(232) domain to its mirror image. Then, anoth
sublattice~the atoms in odd rows! can move in the same
manner, thus reverting the structure to the previous sym
try. Therefore, this regime corresponds to a periodic cha
of the c(232) domain symmetry between its two mirro
images, as illustrated in Fig. 15~c!, so it may be called the
‘‘mirror switching’’ regime. Because only half of the atom
are moving at any instant of time, the mobility isBh'0.5.
The ‘‘mirror switching’’ regime exists also for the truly com
mensurateu051/2 case, when the initial configuration doe
not contain residual kinks.

C. Dynamical phase diagram

The results of simulations are summarized in the ph
diagram (F,h) shown in Fig. 16, where we plot the forwar
critical forcesFk , Fd , Fm , F f , and also the critical force
Fb for the backward transition, as functions of the frictionh.
Let us first consider the forward transition. At low friction
h,0.1, with increasing of the force the system is transfer
directly from the locked state to the totally running state, a
there are no steady-state intermediate regimes. In more
tail, at Fk'0.18 there is a transient process, when
‘‘light’’ domain walls are destroyed as soon as they start
move, and the system goes to a disordered metastable
As this disordered state may be different for different fr
tions, this explains why the forward critical forceF f depends
on friction in this region, despite the fact that the preced
state is immobile.

The interval of higher frictions, 0.1,h,0.2, is charac-
terized by nonmonotonic change of the mobility with i
creasing force. For this friction interval, there are all thr
subsequent intermediate stages described above: the re
of running DW’s, the disordered immobile state, and t
‘‘mirror switching’’ regime. The critical forceFd for de-
struction of ‘‘light’’ DW’s increases approximately linearly
with h, which evidences that the critical quantity for dete
mining stability of the domain walls is their drift velocity
^vc&}Fd /h. This behavior is in agreement with the study
quasi-1D FK system@12#, where it has been found that th
drift velocity of kinks defines the dynamical phase tran
tions between the intermediate stages.

At higher frictions h.0.2, the mobility again varies
monotonically with force, because the critical drift veloci
vc for running domain walls cannot now be reached, and
DW’s are stable up to the critical forceFm , where the tran-
sition to the ‘‘mirror switching’’ regime takes place. Th
dependence of the forward critical forceF f on the frictionh
is also very close to a simple linear formF f}h.

Consider now the backward transition. Note that in F
16 we showed only the first critical forceFb , which corre-
sponds to the first sharp drop of the mobility from the ru
ning B51 state to a state with a lower mobilityB,1, al-
though at high frictions the backward transition has
multistep character, as is shown in Fig. 14. Namely, one
distinguish three friction regions differing by the scenario
the backward transition. At low frictionsh,0.1, the system

s
e
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FIG. 16. ~Color! Dynamical phase diagram in
the (F,h) plane for the triangular FK model a
u521/40 coverage.
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goes directly from theB51 state to theB50 state. At
higher frictions 0.1,h,0.2, the ‘‘mirror switching’’ regime
exists during the backward transition, while the regime
running ‘‘light’’ DW’s is absent, because this transition pr
ceeds at a critical force slightly lower thanFm . Finally, at
h.0.2 the condition for the stable motion of ‘‘light’’ DW’s
is fulfilled at F,Fm , and the regime of running DW’s ma
exist. In fact, we observed that at not too high frictionsh
'0.2–0.25 the system may either choose the ‘‘runn
DW’’ attractor during the backward transition or it may g
directly to the immobile state. But at higher frictionsh
.0.25, the system always shows the last plateau of the
ning ‘‘light’’ DW’s at the backward transition, and only be
comes completely immobile atF,Fk .

Finally, let us describe the evolution of an initial config
ration with ‘‘heavy’’ DW’s. The only difference in theB(F)
dependence at the forward transition for the ‘‘heavy’’ DW
is that the running-DW regime does not exist. The Peie
Nabarro barrier for the ‘‘heavy’’ kinks is too high, and th
system goes directly to the ‘‘mirror switching’’ regime
However, the scenario of the backward transition does
depend on the initial configuration. At high friction, if on
starts from the configuration with ‘‘heavy’’ DW’s, during th
backward transition the system always chooses the attra
of the running ‘‘light’’ DW’s.

IV. CONCLUSION

We have reported a detailed numerical study of
locked-to-running transition for the isotropic two
dimensional Frenkel-Kontorova model with triangular sy
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metry of the substrate potential and driven by a dc exter
force in the underdamped limit.

For the commensurateu51 structure we found a cross
over between two different scenarios aroundgeff5g1. When
the atomic layer is rather weakly coupled compared to
substrate potential depth the transition occurs via the for
tion of a depleted region and an avalanche of moving p
ticles results. For larger values ofgeff the transition is medi-
ated by the formation of islands of moving particles, whi
maintain an essentially triangular structure. The details of
scenario for smallgeff were found to be slightly different for
the two interactions studied. In the case of the LJ interact
the influence of the moving particles was seen to spread
idly down the slip planes of the lattice and the maximu
particle density observed was relatively low. For the exp
nential interaction the observed densities were much hig
and no indication of the lattice planes was observed in
shape of the disturbed region at high forces.

For largegeff the mechanism of the transition was foun
to be independent of the interaction used. One may exp
that this is generally true for all interaction potentials, as
the case of the rigid layer the particles can only make sm
deviations from their relative positions and thus are insen
tive to many of the details of the interaction. In the weak
coupled layer, however, depleted and denser regions form
a wider range of interparticle separations occur, causing
ferences between various potentials to be more apparent.
density differences observed are easily explained by the
idly increasing strength of the LJ interaction at small se
rations, compared with the exponential repulsion which
9-11



tio
th

th
u

lle

m

e
s,
as
i-
s

rm

in
er
ai
io
do
FK
ar
ar
e,
ee

ex

-
n-
th

no-
of
n
lms

d

cale

wo
ive
ics
rs
ilar

e
ay
be-

ew
er.
cts
een

x

FK
to

cts
ly

T.
nd
.S.
nt
r-
cil

ts.
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mains finite at zero separation. In all cases the LJ interac
behaved more stiffly than the exponential interaction for
same value ofgeff .

For the totally commensurate case, the first event in
forward transition is the creation of the disturbed region d
to thermal fluctuations. The rate of this process is contro
by the Boltzmann factor exp(2«act/T), where the activation
energy is determined by the driving force,«act}(12 f )1/2.
However, if an extra atom preexists in the lattice, it perfor
directed random walks at smallf, while at large forces the
scenario was found to be the same as for the fully comm
surate case. The critical forcef c when the avalanche begin
however, is now much lower than in the commensurate c

A study of the reverse running-to-locked transition ind
cates hysteresis and the existence of other stable state
was found in the one-dimensional case@8#. The intermediate
stable states between running and locked states were fo
by stripes~either diagonal with slope 1/m, wherem is an
integer, or parallel to the driving force! of mobile atoms.

In the case of the half-filled layeru50.5, for a certain
range of frictions the mobility can varynonmonotonically
with force. After the intermediate regime of running doma
walls, the system can be trapped in a metastable disord
immobile state due to destruction of the running dom
walls when they reach a critical velocity. Such a behav
occurs due to the existence of additional degrees of free
in the 2D FK model and does not exist in the standard
model. A nonmonotonicB(F) dependence may also appe
in other generalized versions of the FK model, if there
metastable states with energies close to the ground stat
particular, in the FK model with a transverse degree of fr
dom @25#.

For theu50.5 case we also found a new stage, the‘‘mir-
ror switching’’ regime, which emerges due to a compl
structure of the ground-state configuration@namely, the non-
empty centered unit cell for thec(232) structure#. Thus, the
symmetry of the substrate~which determines the ground
state structure! can drastically affect the scenario of the no
linear response of the two-dimensional atomic layer to
external force.

It should be possible to observe the scenarios for bothgeff
03612
n
e

e
e
d

s

n-

e.

, as

ed

ed
n
r
m

e
in
-

e

large and small in physically relevant systems. For a mo
layer adsorbed on a surface one is typically in the limit
low geff . So, on forcing, a depleted, low-density regio
should be observed during the transition. The adsorbed fi
may also be prepared with any coverageu,1, so the ‘‘fuse
safety’’ scenario and the ‘‘mirror switching’’ regimes coul
be observed in these systems.

Island formation has already been observed in large-s
molecular dynamics tribology simulations@26#. Here the
simulations are of a two-dimensional interface between t
blocks of material, which is characterized by a large effect
elastic constant. A comparison of the molecular dynam
data with results from a 2D FK model with paramete
matched to the molecular dynamics system shows sim
island formation features@27#.

Finally, we mention an important role of defects in th
kinetics of the locked-to-running transition. The defects m
serve as centers for nucleation of moving islands at the
ginning of the transition or as sources for creation of n
dislocations thus increasing the mobility of the whole lay
On the other hand, the DW’s may be pinned by the defe
thus decreasing the mobility. These processes have b
widely considered in the context of dislocation theory@1#,
surface diffusion@28#, and in studies of the magnetic flu
lines in high-temperature superconducting films@29#. All
these studies are restricted, however, to either the 1D
model or to the scalar 2D model, and usually correspond
the overdamped limit. The investigation of the role of defe
in the underdamped driven 2D-isotropic FK model certain
deserves a separate detailed study.
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